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Abstract 
This article deals with biaxial low cycle fatigue (LCF) behavior of the material SA333 C-Mn steel in tension-torsion experiments. 
Two sets of experiments have been conducted with this material for tension-torsion loading with tubular specimens.  The first set 
is for in-phase loading with strain ratio (shear strain/axial strain) 1.732 for different plastic strain amplitudes. The second set of 
experiments is for 900 out of phase for the same strain ratio for different plastic strain amplitudes. The experimental observations 
show extra hardening due to non-proportionality in 900 out of phase loading. The non proportionality index is calculated from 
Benallal [1] criterion. Finite Element simulations of the tension-torsion experiments have been carried out. The material model 
has been developed in the framework of von-Mises cyclic plasticity theory.  Ohno-Wang nonlinear kinematic hardening rule, 
modified by Jiang-Sehitoglu [2] has been used. Cyclic hardening/softening is introduced through isotropic hardening rule. The 
cyclic hardening/softening is split into two components, namely the proportional part and the extra hardening due to non 
proportionality in loading. The material constants have been derived from the experimental results. The non-proportional 
hardening is calibrated by the Benallal non-proportionality index. Axial stress-strain loops and Shear stress-strain loops are 
simulated for both in-phase and 900 out-of-phase tension-torsion loadings. The simulated results are compared with the 
experimental results. 
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Nomenclature 
ĭ von-Mises yield function Ck Jiang-Sehitoglu KH Parameter 
Sij Deviatoric Stress Components rk Jiang-Sehitoglu KH Parameter 
Ʉ Back Stress Components ɝ KH Non-Linearity Parameter 
ʍŝũ Stress Components Lij Unit Back Stress Vector 
ʍϬ Initial Yield Stress Qps Saturated Softening Stress 
ʍĐ Current Yield Stress b Softening Rate 
ɉ Plastic Strain Components Qp Softening Stress 
ɉ Equivalent Plastic Strain  Qn Non-Proportional Hardening Stress 
h Plastic Modulus A Benallal type Non-Proportionality Parameter 
Ɍ Angle between deviatoric stress and 
plastic strain increments 
K Non-Proportional Hardening Coefficient 
nij Unit Flow Vector n Non-Proportional Hardening Exponent 
1.  Introduction 
Cyclic plasticity deals with non linear stress strain response of the material under recurring cyclic loading. 
A typical strain controlled cyclic plastic loading shows following plastic deformation phenomena. Those are (a) 
Bauschinger effect, (b) cyclic hardening/softening, (c) masing and non-masing behaviour (strain-range effect), (d) 
ratcheting due to unbalanced cyclic loading and (e) hardening due to non proportional loading [3, 4, 5]. 
Non proportional hardening is an additional hardening behaviour of material under non proportional biaxial 
(multiaxial) loading. 900 out-of-phase axial-torsion strain controlled loading is commonly used to investigate the 
non proportional hardening of material. Krempl and Lu [6] concluded that among the non proportional loading paths 
900 out of phase circular loading path exhibits the highest level of non proportionality. Benallal and Marquis [1] and 
also Tanaka et al [7] introduced non proportionality index of a loading path which varies from zero (for proportional 
loading) to one (900 out of phase non proportional loading).  
 The present study aims at modeling the non proportional cyclic plastic behavior of SA333 C-Mn steel used 
in PHT pipes of Indian PHWR. The material model developed is plugged into ABAQUS finite element software as 
user subroutine (UMAT). FE simulated results for axial-torsion experiments are compared with experimental data to 
verify the effectiveness of the material model.  
2.  Experiments 
SA333 C-Mn steel is taken for biaxial cyclic plasticity investigation with tension- torsion loading. Tubular 
specimens with gauge length 30mm, inside diameter 22mm and wall thickness 1.7mm are taken for all types of 
experimentation. Three types of experiments have been conducted. Those are (a) uniaxial tension-compression 
loading. (b) Axial-Torsion in phase loading and (c) Axial-Torsion 900 out of phase loading. For in phase loading 
triangular pulses are used and sinusoidal pluses are used for 900 out of phase loading (circular strain path).  A biaxial 
extensometer is used on the outer surface of the specimen to measure the axial extension and angle of twist. Axial 
load, torque are measured with load cells. Load, extension, torque and angle of twist are recorded in computer 
through data acquisition system. The recorded data are processed with MATLAB software and placed in EXCEL 
sheet to generate axial stress-strain loops and shear stress- shear strain loops. 
3.  Material Model            
3.1 Mathematical  Formulation 
(a)  von-Mises yield criterion 
( )( ) 0
2
3 2
=−−−=Φ cijijijij SS σαα                                               (1) 
Here, ıc is the current yield stress. 
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(b) Flow rules 
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Here,  ijS  and ijα    are deviatoric stress tensor and back stress tensor respectively. The back stresses are assumed to 
be deviatoric in nature. h stands for plastic modulus. The unit normal nˆ  is defined as  
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(c) Kinematic Hardening Law 
The Kinematic Hardening law for back stress evolution is modified Ohno-Wang law which is further modified by 
Jiang and Sehitoglu [2]. Those are as follows: 
Total back stress is decomposed into ‘M’ number of parts.   Thus, 
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Here, Kijα  is the kth component of the back stress.  χ(k) is a parameter controls the degree of nonlinearity , used to 
match the ratcheting rate . For LCF, χ(k) is set to zero. Lk in the above expression is the unit vectors in back stress 
direction. 
Therefore,  k
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 (d) Consistency Condition.  
The plastic modulus is determined from consistency condition which can be stated as 
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For the kinematic hardening law stated above, the Plastic Modulus, ‘h’ is coming out as 
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(e) Evolution model for cyclic hardening/softening 
Cyclic hardening/softening is evaluated by introducing isotropic hardening/softening [8] Therefore, the cyclic yield 
stress is calculated during cyclic loading as  
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npc QAQ .0 ++= σσ                                                                 (9) 
Here, Qp is the cyclic hardening/softening due to proportional loading and Qn is the extra hardening due to non 
proportionality in loading. A is the non proportionality parameter. A is defined by Benallal and Marquis [1] as  
Sdd
SddA
p
p
ε
εθ :1cos1 2 −=−=                                                    (10)   
Here, ș is the angle between plastic strain increment vector and deviatoric stress increment vector. For pure 
proportional loading A=0 and for 900 out of phase loading A= 1.  
The material studied for this investigation is SA333 C-Mn steel which shows cyclic softening under uniaxial tension 
compression loading for initial 100 cycles before getting saturated .The cyclic softening rate is modeled as ( ) peqppsp dQQbdQ ε−=                                                               (11) 
Here, Qps is the saturation value of the softening stress and b is the softening rate. It is observed from experimental 
data that both Qps and b depend on plastic strain amplitude for the material SA333. The extra hardening due to non 
proportionality in loading is estimated from 900 out of phase and in phase (proportional) tension-torsion loading 
experiments. Here, the axial strain amplitude and shear strain amplitude are kept same for both the experiments. The 
extra hardening (Qn) is calculated for initial 100 cycles and plotted against accumulated plastic strain. It is observed 
that for the material SA333, the extra hardening (Qn) obeys power law as follows: 
np
eqn KQ )(ε=                                                                           (12) 
Here, K and n are material constants. 
3.2 Determination of Material Parameters 
Elastic parameters are extracted from the uniaxial tensile tests following standard procedures. The cyclic 
yield stresses are determined from the uniaxial LCF test results of all plastic strain amplitudes. It is observed that 
variation of yield stresses results in non-masing behaviour although the plastic part of the curve remains same for all 
the plastic strain amplitudes. In FE simulation, an average value of the yield stress is taken. 
For Jiang-Sehitoglu kinematic hardening Law, the parameters Ck, rk are determined for six segments (k = 1, 
2 … 6) of the experimental loading branch of the stress-plastic strain curve of the first cycle loop of uniaxial LCF 
test.  As mentioned above that the plastic part of the curves are same for all plastic strain amplitudes, one set of 
values of Ck, rk is required to describe the hysteresis loops of all plastic strain amplitudes.  The procedure of 
determination of Ck, rk
 
outlined in the work of Jiang and Sehitoglu (Jiang and Sehitoglu, 1995) has been followed to 
determine the KH Parameters.  
 
Fig.1 - Stress-vs-Plastic Strain curve of the loading branch of the first cycle 
Under fully reversed uniaxial loading the values of Ck and rk regulates the curvature of the loading and unloading 
branch of the hysteresis loop.  Fig.1 schematically shows such a loading branch. Here Δεp indicates plastic strain 
range i.e. twice the strain amplitude and Δσ represents the stress range, also twice the stress amplitude. In order to 
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cover wide plastic strain range, the LCF test results are fitted in a parametric equation (equation(13)) and 
extrapolated  for higher plastic strain range.   
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Where, a and m are power law coefficient and exponent of the fitting function. ¨ı0 and ¨ıu are the cyclic yield 
stress range and ultimate stress range respectively.  The KH parameter Ck  is given as 
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Where, k = 1, 2, … 6; and pkεΔ  are selected points in the loading branch to have a good representation of the LCF 
loop.  Another KH parameter, rk  is calculated from the following equations. 
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The cyclic softening parameters Qps and b are determined from experimental data of cyclic softening  (peak stress – 
accumulated plastic strain) from initial cycle till the softening gets saturated. It is observed that the saturated value 
of softening Qps and softening rate b depend on plastic strain amplitude. Therefore an calibration is required for 
those data against plastic strain amplitude. Equations 17 and 18  show those calibration.   
8265 81.08psQ qq= −                      (17) 
959 8.44b qq= − +
                               (18) 
Where, qq is the plastic strain amplitude.   For Non-proportional extra hardening parameters K and n, extra 
hardening exhibited by the material in experiments with  non proportional loading ( 900 out of phase)  as compared 
to proportional loading (in phase) for the same ratio of shear strain and axial strain is calculated.  The extra 
hardening is plotted with accumulated plastic strain to get the values of K and n. Table-1 shows the material 
parameters determined for the material SA333. 
Table-1: Material parameters of SA333 
 
 
 
 
 
 
 
 
 
 
4.  Finite Element Simulation 
Finite element simulation is done on a tubular specimen of length 30 mm ,outside diameter 20mm and 
thickness 2mm. ABAQUS [9] finite element platform is used. Kinematic coupling is invoked to simulate tension–
torsion loading. Figure 2 shows a schematic of the scheme. 
 
Young’s Modulus (E) =200GPa, Poisson’s ratio Ȟ = 0.3, cyclic yield stress=180MPa 
Kinematic hardening parameters: 
Ck
 (k=1, 6) (MPa): 16330, 4082, 1633, 816.5, 326.6, 81.6 
r
k
 (k=1, 6)             : 15.78, 35.92, 34.83, 29.12, 33.77, 28.50 
Cyclic softening parameters (proportional loading) 
Qps (MPa) = 8265*qq – 81.08, b= -959*qq + 8.44, qq=plastic strain amplitude,  
Non proportional extra hardening parameters, K= 40.29MPa, n=0.123 
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Fig-2: Kinematic coupling scheme for tension torsion loading 
Balanced sinusoidal pluses are used for axial displacement and angle of twist. For 900 out of phase loading, 
it produces circular strain path. The axial stress-strain and shear stress –strain are taken on the surface of the 
specimen. The material model developed, is plugged into ABAQUS software through user subroutine (UMAT). The 
UMAT is written in FORTRAN code. First 30 cycles of the loading is simulated. 
5.  Sample Results and Discussion 
Figure 3 shows axial stress-plastic strain loop of 30th cycle for strain controlled uniaxial tension 
compression loading for strain amplitude of 0.5% for the material SA333. The FE simulated results matched 
reasonably well with experimental data. This exercise has been done to verify the kinematic hardening parameters as 
listed in Table 1. Figure 4 shows peak stress vs. cycle number. The FE simulated result follows the experimental 
data. This justifies the cyclic softening law, equation (11) and also verifies the cyclic softening parameters Qps and 
‘b’.  
A. Uniaxial Results: (axial strain 0.5%) 
 
Figure 3: Axial stress-plastic strain loop   Figure 4:- Peak stress vs. cycle 
In phase tension torsion loading (axial strain 0.53% and shear strain 0.92%) on tubular specimen is 
simulated with the same kinematic hardening and cyclic softening parameters. Figures 5(a, b) show simulated axial 
and shear loops as compared with experimental data. The matching is accepted in engineering sense. Figure 6 plots 
simulated axial and shear peak stresses value against number of cycles as compared with experimental data for 
initial 30 cycles. The cyclic softening is well simulated by this material model for tension torsion in phase loading.  
Non proportional tension torsion loading (900 out of phase) on tubular specimen has been simulated with 
this material model with sinusoidal pulses. Simulated axial stress-strain and shear stress-shear strain loops are 
compared with the experimental data. Figures 7 (a, b) show those results. Simulated loops are of same nature as the 
experimental loops but the peak stresses are not matching. This shows that the extra hardening law (equation 12) is 
not well suited for this material. Figure 8 shows the peak stresses value of axial loop and shear loop for initial 30 
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cycles for 900 out of phase loading. The simulated result gives under estimated values compared with experimental 
data, although the extra hardening rate is matching. The experimental results show an initial jump in extra hardening 
in first two cycles which is not captured in this model.   
B. Biaxial Results (in-phase) (axial strain 0.53%, shear strain 0.92%) 
 
     
Fig.5(a): Axial stress-strain loop            Fig.5(b): Shear stress-shear strain loop 
 
Fig.6: Peak axial and shear stresses Vs cycle 
C. Biaxial Results (900 out-of-phase) (axial strain 0.53%, shear strain 0.92%) 
  
         Fig.7(a): Axial stress strain loop                Fig.7(b): Shear stress-strain loop 
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Fig.8: Axial /shear peak stresses vs. cycles 
6.  Conclusions 
From the above investigations, the following conclusions can be drawn.  
1. The material SA333 C-Mn steel shows considerable non proportional hardening.  The extra hardening due to non 
proportionality is of the order of 12.5% compared to in-phase loading of same strain amplitudes.  
2. The FE model simulates the uniaxial tension compression and in-phase tension-torsion loading well in 
engineering sense. 
3. The extra hardening due to non proportionality is not simulated well by the material model, although the extra 
hardening rate is well simulated. 
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